Abstract. We introduce the concepts of interval-valued fuzzy complete inner-unitary subsemigroups and interval-valued fuzzy group congruences on a semigroup. And we investigate some of their properties. Also, we prove that there is a one to one correspondence between the interval-valued fuzzy complete inner-unitary subsemigroups and the interval-valued fuzzy group congruences on a regular semigroups.
Introduction
The theory of fuzzy sets proposed by Zadeh [14] in 1965 has achieved a greate success in vavious fields. After then, he [15] introduced the concept of interval-valued fuzzy sets as a generalization of fuzzy sets. After that time, Biswas [1] applied it to group theory, and Gorzalczany [4] introduced a method of inference in approximate reasoning by using interval-valued fuzzy sets. Moreover, Mondal and Samanta [12] introduced the concept of interval-valued fuzzy topology and investigated some of it's properties. In particular, Roy and Biswas [13] introduced the notion of interval-valued fuzzy relations and studied some of it's properties. Recently, Jun et al. [4] investigated strong semi-openness and strong semi-continuity in interval-valued fuzzy topology. Choi et al. [7] studied interval-valued fuzzy relations in the sense of a lattice theory. Also, Hur et al. [3] introduced the concept of interval-valued smooth topological spaces and investigated some of it's properties. On the other hand, Cheong and Hur [2] , and Hur et al. [10] studied intervalvalued fuzzy ideals/(generalized)bi-ideals in a semigroup. Kang [9] , Kang and Hur [10] applied the notion of interval-valued fuzzy sets to algebra. Lim et al. [5, 11] investigated interval-valued fuzzy normal subgroups and interval-valued fuzzy congruences on a semigroup.
In this paper, we introduce the concepts of interval-valued fuzzy complete inner-unitary subsemigroups and interval-valued fuzzy group congruences on a semigroup. And we investigate some of their properties. Also, we prove that there is a one to one correspondence between the interval-valued fuzzy complete inner-unitary subsemigroups and the interval-valued fuzzy group congruences on a regular semigroups.
Preliminaries
In this section, we list some basic concepts and well-known results which are needed in the later sections.
Throughout this paper, we will denote the unit interval [0, 1] as I. For any ordinary relation R on a set X, we will denote the characteristic function of R as χ R . 
Definition 2.1 [4, 15] .
is denoted by simply a. In particular, 0 and 1 denote the interval -valued fuzzy empty set and the interval -valued fuzzy whole set in X, respectively.
We will denote the set of all IVFSs in X as
Definition 2.3 [14] . Let X be a set.
We will denote the set of all IVFRs on X as IVR(X).
Definition 2.4 [13] . Let R ∈ IVR(X). Then the inverse of R, R −1 is defined by R −1 (x, y) = R(y, x), for each x, y ∈ X.
Definition 2.5 [7] . Let X be a set and let R, Q ∈ IVR(X). Then the composition of R and Q, Q • R, is defined as follows : For any x, y ∈ X,
Result 2.B [7, Proposition 3.4] . Let X be a set and let R,
Definition 2.6 [7] . An IVFR R on a set X is called an interval-valued fuzzy equivalence relation(in short, IV F ER) on X if it satisfies the following conditions :
We will denote the set of all IVFERs on X as IVE(X).
Let R be an IVFER on a set X and let a ∈ X. We define a mapping Ra : X → D(I) as follows : For each a ∈ X,
Then clearly Ra ∈ D(I) X . In this case, Ra is called the interval-valued fuzzy equivalence class of R containing a ∈ X. The set {Ra : a ∈ X} is called the interval-valued fuzzy quotient set of X by R and denoted by X/R. Definition 2.7 [6] . A relation R on a groupoid S is said to be :
(v) a congruence on S if it is both a left and a right congruence on S.
It is well-known [6, Proposition I.5.1] that a relation R on a groupoid S is congruence if and only if it is both a left and a right congruence on S. We will denote the set of all ordinary congruences on S as C(S). Now we will introduce the concept of interval-valued fuzzy compatible relation on a groupoid. Definition 2.8 [11] . An IVFR R on a groupoid S is said to be :
Definition 2.9 [11] . An IVFER R on a groupoid S is called an :
We will denote the set of all IVCs[resp. IVLCs and IVRCs] on S as IVC(S) [resp. IVLC(S) and IVRC(S)].
Result 2.D [11, Theorem 3.9] . Let R be a relation on a groupoid S.
Let R be an IVC on a groupoid S and let a ∈ S. Then Ra ∈ D(I) S is called an interval-valued fuzzy congruence class of R containing a ∈ S and we will denote the set of all interval-valued fuzzy congruence classes of R as S/R.
3. Interval-valued fuzzy inner-unitary subsemigroups A (ordinary) subsemigroup H of a semigroup S is said to be innerunitary if xay, xy ∈ H implies a ∈ H for any a, x, y ∈ S (See [17] ). 
Proposition 3.2. Let S be a semigroup with Reg(S) = {a ∈ S : a = axa for some x ∈ S} = φ and let be A an interval-valued fuzzy inner-unitary subset of S. Then for any a, b ∈ Reg(S) and any a ,
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By the similar arguments, we have
and
Similarly, we have
Thus (b) holds.
(c) By Definition 3.1, the proofs are obvious.
holds. This completes the proof.
We will denote the set of all IVSGs of S as IVSG(S).
Definition 3.4 [9] . Let A be an IVFS in a set X and let λ, µ ∈ I with λ ≤ µ. Then the set 
Then A is an interval-valued fuzzy inner-unitary subsemigroup of S. 
Since A is an interval-valued fuzzy inner-unitary subsemigroup of S, 
Hence A is an interval-valued fuzzy inner-unitary subset of S. Therefore A is an interval-valued fuzzy inner-unitary subsemigroup of S.
, for any e, f ∈ E S , where E S = {x ∈ S : x 2 = x}. 
. By the similar arguments, we have
Since A ∈ IVSG(S),
f ). (d ) Let a ∈ Reg(S) and let a ∈ V (a). Then, by Proposition 3.2(c),
So A(a ) = A(a). This completes the proof. 
Hence A is an interval-valued fuzzy inner-unitary subset of S.
For a semigroup S, S 1 is the monoid defined as follows :
if S has the identity, S ∪ {1} otherwise See [6] . 
Proof. (a) Since aRe, a = e or there exist x, y ∈ S such that e = ax and a = ey.
Suppose a = e. Then there exist x, y ∈ S such that e = ax and a = ey. Thus
Similarly, we have A U (e) ≥ U (a). So (a) holds.
(b) Let a ∈ Reg(S) and let a ∈ V (a). Then clearly, aRaa and aLa a. Moreover, aa , a a ∈ E S . Thus, by (a),
This completes the proof.
In [17] , Zhang has defined the complete inner-unitary subsemigroup of a semigroup S as follows : Let S be a semigroup with E S = φ. An inner-unitary subsemigroup H of S is said to be complete if E S ⊂ H.
Similarly, we will give the concept of interval-valued fuzzy complete inner-unitary subsemigroup of a semigroup S. Since A [1, 1] is complete, e ∈ A [1, 1] . Then A L (e) ≥ 1 and A U (e) ≥ 1. Thus A(e) = [1, 1] . So A is interval-valued fuzzy complete. Hence A is an interval-valued fuzzy complete inner-unitary subsemigroup of S. This completes the proof. 
Similarly, we have A U (ea) ≥ A U (a). Since A is an interval-valued fuzzy inner-unitary subsemigroup of S, by Theorem 3.9(b),
By the similar arguments, we have A U (a) ≥ A U (ea). Thus A(ea) = A(a). So the condition (a) holds.
Since S is regular, V (a) = φ for each a ∈ S. Let x ∈ V (a). Then clearly ax ∈ E S . Since A is interval-valued fuzzy complete, A(ax) = [1, 1] . So the condition (b) holds.
(⇐) : Suppose the necessary conditions hold. Let e ∈ E S . Then, by the condition (b), there exists an x ∈ S such that A(ex) = [1, 1] . Since A is an interval-valued fuzzy inner-unitary subsemigroup of S, by Theorem 3.9(b),
and 
[Since aa , bb ∈ Es, by Proposition 3.8(c) ]
. By the similar arguments, we can show that
. This completes the proof.
Interval-valued fuzzy group congruences
Let S be a semigroup. Then it is easy to show that an intervalvalued fuzzy relation R on S is an IVC if and only if R [λ,µ] 
Definition 4.1. Let R be an interval-valued fuzzy congruence on a semigroup S. Then R is called an interval-valued fuzzy group congruence
We will denote the set of all IVGCs on S as IVGC(S). Thus a R [λ, µ] is the inverse of aR [λ, µ] 
. This completes the proof. Proof. Let a ∈ S and let a ∈ V (a). Then Similarly, we have that
Hence R(aa , a) = R(a a, a ).
Proposition 4.4. Let S be a regular semigroup. If R ∈ IVGC(S), then R(aa , a) = R(aa * , a) for each a ∈ S and any a , a * ∈ V (a).
Proof. Let a ∈ S and let a , a * ∈ V (a). Then
[Since R is interval-valued fuzzy compatible and reflexive]
Also, by the similar arguments, we have that
Hence R(aa , a) = R(aa * , a). This completes the proof.
Proposition 4.5. Let R be an IVGC on a regular semigroup S.
[Since R is interval-valued fuzzy compatible and intuitionistic fuzzy reflexive]
Similarly, we have R U (a, be) ≥ R U (a, b). Also, by the similar arguments, we have that
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So R(a, b) = R(a, be).
By the similar arguments, we have that
[Since R is interval-valued fuzzy compatible and reflexive ]
Similarly, we have that
So R(a, bc) = R(b a, c).
R(a, bc) = R(ac , b).
(c) It follows immediately from (b). This completes the proof.
5.
Correspondence between interval-valued fuzzy complete inner-unitary subsemigroups and interval-valued fuzzy group congruences on a regular semigroup
In this section, S always denotes a regular semigroup. We shall show that each interval-valued fuzzy complete inner-unitary subsemigroup of S determines one interval-valued fuzzy group congruence on S and the converse. 
where a ∈ V (a). Then R A ∈ IVGC(S). Proof. Let a, b ∈ S and let a , a * ∈ V (a). Then, by Proposition 3.14, A(a b) = A(a * b). Thus R A is well-defined and R A ∈ IVRC(S). In order to show that R A ∈ IVGC(S), we need only to show that R
is a group congruence on S for each [λ, µ] ∈ D(I). By Theorem 3.12, A [λ, µ] is a complete inner-unitary subsemigroup of S. Then it is sufficient to show that
Thus we need only to prove that
. By the similar arguments, we show that
. This completes the proof. if and only if (aa , a) ∈ R [λ, µ] . Then aR [λ, µ] = aa R [λ, µ] . Since aa ∈ E S , it is clear that aa R [λ, µ] is the identity of the group S/R [λ, µ] . So A 
